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I. INTRODUCTION

Zadeh [18] introduced the concept of fuzzy sets almost 50
years back in 1965, followed by many researchers [9, 10,
15, 16] they have studied fixed point theory in fuzzy
metric spaces. The concept of fuzzy metric spaces also
introduced ways by Erceg [4], Kaleva and Seikkala [12],
Kramosil and Michalek [13] and Deng [3].

Earlier fuzzy mappings was studied by [1, 2, 11, 17] which
opened a new vindo for further study and development of
in analysis in such spaces and mappings with a vast
applications. As a consequence many metric fixed point
results were generalized to fuzzy metric spaces by various
authors. Gahler in a series of papers [6, 7, and 8]
investigated 2-metric spaces. Sharma, Sharma and IsekKi
[14] studied for the first time contraction type mappings in
2-metic space.

We know that 2-metric space is a real valued function of a
point triples on a set X, which abstract properties were
suggested by the area function in Euclidean spaces. In the
present paper we obtain some common fixed point
theorems on fuzzy metric spaces generalizing the earlier
results of fisher [5], also we extend this result to fuzzy 2-
metric spaces.

Il. PRELIMINARIES
To start the main result we need some basic definitions.

Definition 2.1: A binary operation *:[0,1]x[0,1]—[0,1] is
called a continuous t-norm if ([0,1],*) is an abelian
Topological monodies with unit 1 such thata - b>c¢ » d
whenever a >cand b>d foralla, b, ¢,d e [0, 1]
Example of t-normarea -b=aband a -b =min {a, b}

Definition 2.2: The 3-tuple (X, M, *) is called a fuzzy
metric space if X is an arbitrary set,* is a continuous t-
norm and M is a fuzzy set in X? x [0,00) satisfying the
following conditions for all x,y, z € Xand s, t > 0,
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(FM —1):M(x,y,0)=0

(FM =2):M(x,y,t) =L Vt>0,=x=y
(FM =3):M(x,y,t) =M (y,xt)
(FM—4):M(x,2,t+5) > M(x,y,t)*M(z,y,s)
(FM —5):M(x,y,a) :[0,1) —[0,1]is left continuous

In what follows (X, M,*) will denote a fuzzy metric space.

Note that M (x, y, t) can be thought of as the degree of

nearness between x and y with respect to t. We identify

x=ywithM (X y t)=1forallt>0and M (x,y,t) =0

with oo,

Example 2.1: Let (X, d) be a metric space.

Definea<b=ahb, ora-b=min {a, b} and for all x, ye X

andt>0,
-t 211

Mx.y.1) t+d(x,y)

Then (X, M,*) is a fuzzy metric space. We call this fuzzy

metric M induced by the metric d the standard fuzzy

metric.

Definition 2.3: Let (X, M, *) is a fuzzy metric space.

(i) A sequence {x,} in X is said to be convergent to a point

xeX, limM(x,,xt)=1

N—oo

(i) A sequence {x,} in X is called a Cauchy sequence if
limM (x t)=LVvt>0and p>0

(iii) A fuzzy metric space in which every Cauchy sequence
is convergent is said to be Complete.

Let (X, M, *) is a fuzzy metric space with the following
condition.

(FM-6) !im M(x,y,t)=LVX,y eX

Definition 2.4: A function M is continuous in fuzzy metric
space iff whenever

X, > XY, > y=>limM(x,,Y,,t) >M(x,y,t)

n+p’Xn'
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Definition 2.5: Two mappings A and S on fuzzy metric
space X are weakly commuting if and only if M (ASu,
SAu, t) > M (Au,Su,t) ueX

Definition 2.6: A binary operation * : [0, 1] x [0,1] x [0,1]
— [0,1] is called a continuous t-norm if ([0,1],+) is an
abelian topological monodies with unit 1 such that a; by »
C1> &, » by » C; whenever a;> a,, by > by, ¢;> ¢, for all g,
ay, by, by and ¢y, ¢ are in [0,1].

Definition 2.7: The 3-tuple (X, M, *) is called a fuzzy 2-
metric space if X is an arbitrary set, * is continuous t-norm
and M is fuzzy set in X3 x [0,00) satisfying the following
conditions:

(FM' -1):M(x,y,2,0) =0

(FM -=2):M(X,y,z,t) =1LV t>0,&< x=y

(FM =3):M(x,y,z,t) =M (X,2,y,t) =M (y,2,X,t)
symmetry about three varriable

(FM —4):M (x,y,z,tlv tzy,tgv) >

M (X, y,u,t )*M(x,u,z,t,) *M(u,y,zt,)
(FM'-5):M(x,y,2):[0,1) »>[0,1]

isleftcontinuous Vx,y,z,u e X, t,t,,t;>0

Definition 2.8: Let (X, M,*) be a fuzzy 2-metric space:

(1) A sequence {x,} in fuzzy 2-metric space X is said to

be convergent to a point X € X,
limM(x,,x,a,t) =1, forallaeX and t >0

(2) A sequence {x,} in fuzzy 2-metric space X is called a
Cauchy sequence, if

limM (X, ,,X%,,a,t) =L forallac X and t, p>0

(3) A fuzzy 2-metric space in which every Cauchy
sequence is convergent is said to be complete.

Definition 2.9: A function M is continuous in fuzzy 2-
metric space, iff whenever

X, =X, y,—>Y,then !iﬂ”nM(xn,yn,a,t) =M(x,Y,a,t),

VaeXandt>0

Definition 2.10: Two mappings A and S on fuzzy 2-
metric space X are weakly commuting iff M (ASu, SAu,a,
t) > M (Au,Su,a,t).

Some Basic Results

Lemma (2.1): For all X, y € X, M(X, y) is non -decreasing.
Lemma (2.2): Let {y,} be a sequence in a fuzzy metric
space (X, M,*) with the condition (FM -6) If there exists a
number g € (0,1) such that

M (yn+2’ yn+1’qt) 2 M (yn+1' yn't) YVt> Oand

n=1,2,3.....,then {y, }isa Cauchysequencein X.

Lemma (2.3): If for all X, y € X, t > 0 and for a number g
e (0, 1),

M(x,y,qt) =M (xc,y,t),then x=y

Fisher [5] proved the following theorem for three
mappings in complete metric space:
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Theorem 2.A: Let S and T be continuous mappings of a
complete metric space (X, d) into itself. Then S and T
have a common fixed point in X iff there exists a
continuous mapping A of X into S (X) n T (X), which
commutes with S and T and satisfy

d (Ax, Ay)> ad (Sx, Ty) forallx,y e Xand0<a < 1.
Then S, T and A have a unique common fixed point.

II. MAIN RESULTS

Now we prove these theorems in complete fuzzy 2-metric
space.

Theorem 3.1: Let (X, M, *) be a complete fuzzy 2-metric
space and let S"and T' be continuous mappings of X in
X, then S" and T" have a common fixed point in X if there

exists continuous mapping A" of X into S" (X) N T' (X)
which weakly compatible with S"and T" and

3.1.1.

M(T"y, Ayt a)*M(S™x, A'x.t,a)*

M (A% Ay, qa)> ( il )
M(S™%T'y,at)*M(AXT'y,at)*M(S'x,A'y,at)
forallx,y,ae X, t>0,and0<g<1. And

3.1.2. ImM(x y,z,a,t) =1,VX,y,z,aeX

ThenS', T" and A" have a unique common fixed point.

Proof: We define a sequence {x,} such that A" xp, = S'
Xon1 @Nd A" Xon1 = T Xon, N =1, 2,7

We shall prove that {A" x,} is a Cauchy sequence. For
this suppose X = Xo, and Y = Xn41 in (3.1.1), we write

M (T Ko Ay, 8, <M (87, A'X, L)
M (A’xZn, A%y:8,'t)2 {M (S’XZH,T’XZM,a,t)*M (ArXZH,T'XZM,a,t)*
M (S0, AXyp 81t
M (A Xy, A% 10 AT M (A 0, ARy 2>

M (A% A%y 1,2,08)2 S M (A%, 1 AT, )M (ATX,,, A'X, 8t )*

M (A %10 Ay, 801)
=M (A%, A%y 1,2, 02 M (A%, ATX,,,a,t)
M (A Xy, A X0, D) *M (A X, ATX,, 8, 1)
- {M (A Xy ,1) A%y, @, 1) *1%1 }

M (A X0 1 A X0, 8 -) * M (A X, AT, 1,8, o) >
- a g
M (A" %y, A Xy 3,8, )*1%1
q

Therefore

M (A%, A%, ,5,8,071)= M (A’x%fl, A'X,,,a,

7

t j
q"
By induction

M (AYXZklArXZmA!axqrt)ZM [Arx ArXZkfl’a

2m?
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For every k and m in N, Further if 2m + 1 > 2k, then

M (A% A %yp02,Q') 2 M (Afxm, Arxzm,a,éj >

t
W

M (Arx2k A, 4, qrt)z M (A’xz“, A’XZm,a,qtrj >

r r
......................... >M [A Xo1 A Xopmi1 oks &4

If 2k > 2m+1, then

By simple induction with (3.1.3) and (3.1.4) we have

t
XP’ an .
Forn =2k, p=2m+1 orn = 2k+1, p=2m +1 and by (FM-
4)
M (A%, A, ,.2.01t)> { [Afx0 A'X, j*M [A’x1 A'X a,qtmj}....(al.S)
Ifn=2k,p=2morn= k+1,p—2m
Therefore every positive integer pand nin N
M (Arxo, A“xp

Thus {A" x,} is a Cauchy sequence. Since the space X is
complete there exists z € X, such that

limA'x, =limS"x,, l_IlmT X

n—o n—o

M (A%, A%, q't) =M [A’xo, A’

t
a,—|—>1 a n-owo

=7
It follows thatA z =S z =T z and therefore

M (T’A’z, AN a )M (S'2, Az at)*M (sfz,T’A’z,a,t)*
M (A'z,T’Afz,a,t)*M (S'zAAz,at)
(S'z,T'A'z,at)

M (A2, A"2,a,0)2

M(Az, A2,a,q")>M

2M(S'Z, AT z,a,t)>M (A, A2,a,t)-——->M(A'2, A" 2,3 L)

T

Since lim M (A'z, A”z, a—) =1 =A7= A1
q

n—w

Thus z is common fixed point of A", S"and T".
For uniqueness, let w (w = z) be another common fixed

point of Sr, T and A" for all r > 0. By inequality we

write

o MTWA’Wat* (S'z,Arz,a,t)*M(S’z,T’w,a,l)*
M(Az,Aw,a,qt) M A“zT W,a,t)M (SzA“wat)
M (wwa )M (z,z,a )M (2 wa,t)*
M(Az,Aw,a,qt) M (z,wat)*M(z,wat)
M(A'ZAwa,qt)> (M (zwat))

= M(zwa,qt)2{M(zwat)]

Therefore by lemma (2.3), we get z =w.
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